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Abstract: The purpose of this paper is to study certain mappings of a
harmonic meromorphic function F = H + G which involve m-tuple integral
operators defined in the exterior of the unit disk Ũ . Necessary and sufficient
coefficient conditions for F to be in the classes MH∗(γ) and KH(γ), respec-
tively, are obtained. Further, some Wright’s generalized hypergeometric (Wgh)
functions inequalities which are also necessary and sufficient conditions for F

to be in these classes are derived. Results on bounds and extreme points are
also discussed.
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1. Introduction

A continuous function f = u + iv is called a complex valued harmonic map
in a simply connected domain D ⊂ C if u and v are real valued harmonic
functions in D. Clunie and Sheil-Small [3] introduced a class SH of complex
valued harmonic maps f which are univalent and sense-preserving in the open
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unit disk U = {z : z ∈ C, |z| < 1} and assume a normalized representation
f = h+ g where

h (z) =

∞∑

n=1

hnz
n, h1 = 1 ; g (z) =

∞∑

n=1

gnz
n, |g1| < 1

are analytic and univalent in the open unit disk U . Also it is proved by Clunie
and Sheil-Small [3], that the function f = h+ g ∈ SH is locally univalent and

sense-preserving in U if and only if the Jacobian Jf (z) =
∣∣∣h′

(z)
∣∣∣
2
−
∣∣∣g′

(z)
∣∣∣
2
> 0

(z ∈ U). Hengartner and Schober in [5] studied a class of complex valued
harmonic functions f which are orientation preserving and univalent in exterior
of the unit disk Ũ = {z : z ∈ C, |z| > 1} with f (∞) = ∞. Such functions
admit the representation

f(z) = h(z) + g(z) +A log |z| , (1.1)

where

h(z) = αz +

∞∑

n=1

an z−n; g(z) = βz +

∞∑

n=1

bn z−n (1.2)

are analytic in Ũ , α, β,A ∈ C with 0 ≤ |β| < |α| , and w(z) := fz/fz is analytic
with |w(z)| < 1 for z ∈ Ũ . Jahangiri and Silverman in [6] (also Jahangiri in [7])
removed the logarithmic singularity by letting A = 0 in (1.1) and considered a
class MH of functions:

f(z) = h(z) + g(z), (1.3)

where h(z) and g(z) are of the form (1.2).
Denote by MH, a subclass of MH consisting of functions f of the form

(1.3) for which the functions h and g are restricted by

h(z) = |α| z +
∞∑

n=1

|an| z
−n; g(z) = |β| z −

∞∑

n=1

|bn| z
−n. (1.4)

A necessary and sufficient condition for f ∈ MH to be starlike of order
γ, 0 ≤ γ < 1 in Ũ is that

∂

∂θ
arg f(reiθ) ≥ γ, z = reiθ, 0 ≤ θ < 2π, r > 1.

A necessary and sufficient condition for f ∈ MH to be convex of order
γ, 0 ≤ γ < 1 in Ũ is that

∂

∂θ
arg

(
∂

∂θ
f(reiθ)

)
≥ γ, z = reiθ, 0 ≤ θ < 2π, r > 1.
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The classes of such starlike and convex functions of order γ are, respectively,
denoted by MH∗(γ) and KH(γ). Furthermore, MH

∗
(γ) ≡ MH∗(γ)∩MH and

KH(γ) ≡ KH(γ) ∩MH.

2. Preliminaries and Definitions

From the work of Jahangiri [7], we state following results.

Lemma 1. Let f = h+ g, h and g be of the form (1.2). If

∞∑

n=1

((n+ γ) |an|+ (n− γ) |bn|) ≤ (1− γ) |α| − (1 + γ) |β| , (2.1)

for 0 ≤ γ < |α|−|β|
|α|+|β| , then f is harmonic, univalent, orientation-preserving in Ũ

and f ∈ MH∗(γ). The condition (2.1) is necessary if f ∈ MH
∗
(γ).

Lemma 2. Let f = h+ g, h and g be of the form (1.2). If

∞∑

n=1

n ((n+ γ) |an|+ (n− γ) |bn|) ≤ (1− γ) |α| − (1 + γ) |β| , (2.2)

for 0 ≤ γ < |α|−|β|
|α|+|β| , then f ∈ KH(γ). The condition (2.2) is necessary if f ∈

KH(γ).

The case for γ = 0, α = 1, β = 0 is studied in [6].

Inspired by the work of Kiryakova [9], [10], in this paper, we define an

integral operator Jν1,δ1
β1

h(z) for functions h(z), z ∈ Ũ of the form (1.2) and for
any real ν1 and positive β1 such that ν1 + 1 > β1, as follows:

Jν1,δ1
β1

h(z) =
z

ν1+1
β1

Γ(δ1)

∞∫

z

(
σ

1
β1 − z

1
β1

)δ1−1
σ
−

(1+δ1+ν1)

β1 h(σ) d(σ
1
β1 ), (2.3)

δ1 > 0

=
1

Γ(δ1)

1∫

0

(1− t)δ1−1tν1h(zt−β1)dt,

Jν1,0
β1

h(z) = h(z) .
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The integral defined in (2.3) for δ1 > 0 is convergent and the image of
power function zk, z ∈ Ũ under this operator with the use of the beta function
is given by

Jν1,δ1
β1

zk =
Γ (ν1 + 1− kβ1)

Γ (ν1 + δ1 + 1− kβ1)
zk,

for some k < ν1+1
β1

.

Further, similarly to the multiple (m-tuple) integral operator introduced
and studied by Kiryakova in [9] (see also equ. (12), p. 13, [10]), we define

for some m ∈ N = {1, 2, 3, ...}, the m-tuple integral operators J
(νi),(δi)
(βi),m

h(z) and

J
(ν

′

i ),(δ
′

i)

(β
′

i),m
g(z) by repeating m-times the integral operators of type (2.3), for h(z)

and g(z) of the form (1.2) and for δi, δ
′

i ∈ R+∪{0}, βi, β
′

i ∈ R+, νi, ν
′

i ∈ R, such
that νi + 1 > βi, ν

′

i + 1 > β
′

i , ∀ i = 1, 2, ...,m, as follows:

J
(νi),(δi)
(βi),1

h(z) = Jν1,δ1
β1,1

h(z) = Jν1,δ1
β1

h(z), δ1 > 0;Jν1,0
β1

h(z) = h(z), z ∈ Ũ ,

J
(νi),(δi)
(βi),2

h(z) = Jν2,δ2
β2

Jν1,δ1
β1

h(z), δ1 + δ2 > 0;J
(νi),(0)
(βi),2

h(z) = h(z), z ∈ Ũ

and hence, for any i = 1, 2, ...,m,m ∈ N,

J
(νi),(δi)
(βi),m

h(z) =

[
m∏

i=1

Jνi,δi
βi

]
h(z),

m∑

i=1

δi > 0; J
(νi),(0)
(βi),m

h(z) = h(z),

z ∈ Ũ , (2.4)

J
(ν

′

i ),(δ
′

i)

(β
′

i),m
g(z) =

[
m∏

i=1

J
ν
′

i ,δ
′

i

β
′

i

]
g(z),

m∑

i=1

δi > 0;J
(ν

′

i ),(0)

(β
′

i ),m
g(z) = g(z), z ∈ Ũ ,

the symbol (λi) = (λ1, λ2, ..., λm) for any i = 1, 2, ...,m,m ∈ N with (λ1) = λ1

is called m-tuple and (0) denotes the m-tuple with all its m components are
equal to 0 (for details about the symbols used one can refer to Kiryakova [10]).

Note that the integral operator Jν1,δ1
β1

h(z) is an analogue of the Erdélyi-
Kober integral operator [9] (see also eq. (1), p. 11, [10]) which is defined for
the functions analytic in the unit disk U and is studied as the multiple (m-tuple)
Erdélyi-Kober integral operators by Kiryakova in [10]-[12].
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Involving m-tuple integral operators defined in (2.4) for h(z) and g(z) of the
form (1.2), we consider for somem ∈ N, δi, δ

′

i ∈ R+∪{0}, βi, β
′

i ∈ R+, νi, ν
′

i ∈ R,
such that νi + 1 > βi, ν

′

i + 1 > β
′

i , ∀ i = 1, 2, ...,m, an harmonic function:

F(z) = H(z) +G(z) ∈ MH, (2.5)

where

H(z) = J
(νi),(δi)
(βi),m

h(z) = αλ1z +

∞∑

n=1

θn an z−n, (2.6)

G(z) = J
(ν

′

i ),(δ
′

i)

(β
′

i),m
g(z) = βλ

′

1z +

∞∑

n=1

θ
′

n bn z−n, λ
′

1 < λ1,

θn =
m∏

i=1

Γ (νi + 1 + nβi)

Γ (νi + δi + 1 + nβi)
, θ

′

n =
m∏

i=1

Γ
(
ν

′

i + 1 + nβ
′

i

)

Γ
(
ν

′

i + δ
′

i + 1 + nβ
′

i

) , n ≥ 1,(2.7)

λ1 =

m∏

i=1

Γ (νi + 1− βi)

Γ (νi + δi + 1− βi)
, λ

′

1 =

m∏

i=1

Γ
(
ν

′

i + 1− β
′

i

)

Γ
(
ν

′

i + δ
′

i + 1− β
′

i

) .

In order to get some Wgh inequalities, we recall here the Wright’s generalized
hypergeometric (Wgh) function defined in [13] for

ai ∈ C

(
ai
Ai

6= 0,−1,−2, ...; i = 1, 2, ..., p

)

and

bi ∈ C

(
bi
Bi

6= 0,−1,−2, ...; i = 1, 2, ..., q

)

with Ai > 0 (i = 1, 2, ..., p), Bi > 0 (i = 1, 2, ..., q) satisfying 1+
q∑

i=1
Bi−

p∑
i=1

Ai ≥

0 as follows:

pΨq

[
(a1, A1), ..., (ap, Ap)
(b1, B1), ..., (bq , Bq)

; z

]

= pΨq

[
(ai, Ai)1,p
(bi, Bi)1,q

; z

]
=

∞∑

n=0

p∏
i=1

Γ (ai + nAi)

q∏
i=1

Γ (bi + nBi)

zn

n!
. (2.8)
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We note that the Wgh function defined by (2.8) is analytic

(i) ∀z ∈ C if 1 +
q∑

i=1
Bi −

p∑
i=1

Ai > 0

(ii) for |z| <

q∏

i=1
(Bi)Bi

p∏

i=1
(Ai)Ai

if 1 +
q∑

i=1
Bi −

p∑
i=1

Ai = 0

(iii) for |z| =

q∏

i=1
(Bi)Bi

p∏

i=1
(Ai)Ai

if 1+
q∑

i=1
Bi−

p∑
i=1

Ai = 0 and ℜ

(
q∑

i=1
bi −

p∑
i=1

ai

)
+

p−q
2 > 1

2 (for details one may refer to Kilbas et al. [8]). Also we have

q∏
i=1

Γ (bi)

p∏
i=1

Γ (ai)
pΨq

[
(ai, 1)1,p
(bi, 1)1,q

; z

]
= pFq((ai)1,p; (bi)1,q; z) (2.9)

=
∞∑

n=0

p∏
i=1

(ai)n

q∏
i=1

(bi)n

zn

n!
, p ≤ 1 + q,

a generalized hypergeometric function which is analytic ∀z ∈ C if p < 1+ q and

|z| < 1 if p = 1 + q and for |z| = 1 if ℜ

(
q∑

i=1
bi −

p∑
i=1

ai

)
> 0. The symbol (λ)n

is called Pochhammer symbol defined as:

(λ)n =
Γ(λ+ n)

Γ(λ)
= λ(λ+ 1)...(λ + n− 1) and (λ)0 = 1.

While several attempts have been made to study certain mappings of har-
monic univalent functions involving various type of calculus operators in the
unit disk U in numerous papers ([1], [2] etc.), not much attention has been
paid to study the involvement of any kind of operator for harmonic functions
defined in exterior of the unit disk Ũ . The purpose of this paper is to study
certain mappings of a harmonic meromorphic function which involve m-tuple
integral operators defined in the exterior of the unit disk Ũ . For this purpose,
an integral operator for a function analytic in Ũ is defined as an analogue of
the Erdélyi-Kober integral operator [9]. By repeating such m integral opera-
tors for h and g of the form (1.2), the m-tuple integral operators are defined.
Involving these m-tuple integral operators, an harmonic meromorphic function
F = H + G ∈ MH (defined by (2.5)) is considered and using the results of
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Jahangiri [7], necessary and sufficient coefficient conditions for F to be in the
classes MH∗(γ) and KH(γ), respectively, are obtained. Further, with the use of
these coefficient conditions, some inequalities (we call them Wgh inequalities),
involving Wgh functions with their validity conditions, ensuring F to be in the
classes MH∗(γ) and KH(γ) respectively are derived. It is also shown that these
Wgh inequalities are necessary for some F ∈ MH. Bounds and extreme points
for functions in MH

∗
(γ) are also obtained.

3. Main Results

In this section, by applying Lemmas 1 and 2, we directly get coefficient condi-
tions for F = H+G ∈ MH defined by (2.5) to be in the classes MH∗(γ) and
KH(γ), respectively as below.

Theorem 1. If F = H+G ∈ MH defined by (2.5) satisfies

∞∑

n=1

(
(n+ γ) |an| θn + (n− γ) |bn| θ

′

n

)
≤ (1− γ) |α|λ1 − (1 + γ) |β|λ

′

1, (3.1)

for 0 ≤ γ <
|α|λ1−|β|λ

′

1

|α|λ1+|β|λ
′

1

, then F is harmonic, univalent, orientation-preserving in

Ũ and F ∈ MH∗(γ). The condition (3.1) is necessary if for f = h+ g ∈ MH,
F = H+G defined by (2.5) belongs to MH

∗
(γ).

Theorem 2. If F = H+G ∈ MH defined by (2.5) satisfies

∞∑

n=1

n
(
(n+ γ) |an| θn + (n− γ) |bn| θ

′

n

)
≤ (1− γ) |α|λ1 − (1 + γ) |β|λ

′

1, (3.2)

for 0 ≤ γ <
|α|λ1−|β|λ

′

1

|α|λ1+|β|λ
′

1

, then F ∈ KH(γ). The condition (3.2) is necessary if for

f = h+ g ∈ MH, F = H+G defined by (2.5) belongs to KH(γ).

Theorem 3. Let for f = h + g ∈ MH, h and g are of the form (1.2)
satisfying

∞∑

n=1

(|an|+ |bn|) ≤ |α| − |β| , (3.3)
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F = H+G ∈ MH be defined by (2.5). If under the same parametric conditions

considered in (2.5) together with the validity conditions
m∑
i=1

δi > 2,
m∑
i=1

δ
′

i > 2,

for k = 1, 2, the Wgh functions

Ψk : = m+1Ψm

[
(k, 1), (νi + 1 + kβi, βi)1,m
(νi + 1 + δi + kβi, βi)1,m

; 1

]
, (3.4)

Ψ′
k : = m+1Ψm

[
(k, 1), (ν

′

i + 1 + kβ
′

i , β
′

i)1,m
(ν

′

i + 1 + δ
′

i + kβ
′

i , β
′

i)1,m
; 1

]
(3.5)

satisfy for 0 ≤ γ <
|α|λ1−|β|λ

′

1

|α|λ1+|β|λ
′

1

, the Wgh inequality:

Ψ2 +Ψ
′

2 + (1 + γ)Ψ1 + (1− γ)Ψ
′

1 ≤
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

(|α| − |β|)
, (3.6)

then F is harmonic, univalent, orientation-preserving in Ũ and F ∈ MH∗(γ).
The condition (3.6) is necessary if for f = h+ g ∈ MH of the form (1.4) with
α > β ≥ 0 and an = (|α| − |β|) , bn = − (|α| − |β|) , F = H + G defined by
(2.5) belongs to MH

∗
(γ).

Proof. To prove the result, by Theorem 1, we need to show

S1 :=

∞∑

n=1

(
(n+ γ) |an| θn + (n− γ) |bn| θ

′

n

)
≤ (1− γ) |α|λ1 − (1 + γ) |β|λ

′

1.

From (3.3), we have |an| ≤ |α| − |β| and |bn| ≤ |α| − |β| for n ≥ 1. Hence, we
get

S1 ≤ (|α| − |β|)

∞∑

n=1

(
(n+ γ) θn + (n− γ) θ

′

n

)

= (|α| − |β|)

[
∞∑

n=2

(n− 1)
(
θn + θ

′

n

)
+ (1 + γ)

∞∑

n=1

θn + (1− γ)

∞∑

n=1

θ
′

n

]
,

and for k = 1, 2, using the identities

∞∑

n=k

(n− k + 1)k−1 θn = Ψk, (3.7)

∞∑

n=k

(n− k + 1)k−1 θ
′

n = Ψ′
k, (3.8)
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we obtain

S1 ≤ (|α| − |β|)
[
Ψ2 +Ψ

′

2 + (1 + γ)Ψ1 + (1− γ)Ψ
′

1

]

≤ (1− γ) |α|λ1 − (1 + γ) |β|λ
′

1,

if (3.6) holds. We note that the validity conditions ensure the convergence of
Ψk,Ψ

′
k for k = 1, 2. This proves the sufficient part. Further, by Theorem 1, if

F ∈ MH
∗
(γ), having α > β ≥ 0 and an = (|α| − |β|) , bn = − (|α| − |β|), we

get for 0 ≤ γ <
|α|λ1−|β|λ

′

1

|α|λ1+|β|λ
′

1

,

(|α| − |β|)

∞∑

n=1

(
(n+ γ) θn + (n− γ) θ

′

n

)
≤ (1− γ) |α|λ1 − (1 + γ) |β|λ

′

1,

which is equivalent to the Wgh inequality (3.6). This proves Theorem 3.

Theorem 4. Let for f = h + g ∈ MH, h and g be of the form (1.2)
satisfying (3.3), F = H + G ∈ MH, be defined by (2.5). If under the same
parametric conditions considered in (2.5) together with the validity conditions
m∑
i=1

δi > 3,
m∑
i=1

δ
′

i > 3, for k = 1, 2, 3, Wgh functions Ψk,Ψ
′
k defined by (3.4),

(3.5) satisfy for 0 ≤ γ <
|α|λ1−|β|λ

′

1

|α|λ1+|β|λ
′

1

, the Wgh inequality

Ψ3 +Ψ
′

3 + (3 + γ)Ψ2 + (3− γ)Ψ
′

2 + (1 + γ)Ψ1 + (1− γ)Ψ
′

1

≤
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

(|α| − |β|)
, (3.9)

then F ∈ KH(γ). The condition (3.9) is necessary if for f = h+g ∈ MH of the
form (1.4) with α > β ≥ 0 and an = (|α| − |β|) , bn = − (|α| − |β|) , F = H+G

defined by (2.5) belongs to KH(γ).

Proof. To prove the result, we use Theorem 2, hence, we need to show

S2 :=

∞∑

n=1

n
(
(n+ γ) |an| θn + (n− γ) |bn| θ

′

n

)

≤ (1− γ) |α|λ1 − (1 + γ) |β|λ
′

1.
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By (3.3), we have |an| ≤ |α| − |β| and |bn| ≤ |α| − |β| for n ≥ 1. Hence, using
identities (3.7), (3.8) for k = 1, 2, 3, we get

S2 ≤ (|α| − |β|)

∞∑

n=1

n
(
(n+ γ) θn + (n− γ) θ

′

n

)

= (|α| − |β|)

[
∞∑

n=3

(n− 2) (n − 1)
(
θn + θ

′

n

)

+

∞∑

n=2

(n− 1)
(
(3 + γ) θn + (3− γ) θ

′

n

)
+

∞∑

n=1

(
(1 + γ) θn + (1− γ) θ

′

n

)]

= (|α| − |β|)
[
Ψ3 +Ψ

′

3 + (3 + γ)Ψ2 + (3− γ)Ψ
′

2 + (1 + γ)Ψ1 + (1− γ)Ψ
′

1

]

≤ (1− γ) |α|λ1 − (1 + γ) |β|λ
′

1,

if (3.9) holds. This proves that F ∈ KH(γ), 0 ≤ γ <
|α|λ1−|β|λ

′

1

|α|λ1+|β|λ
′

1

. Further, by

Theorem 2 if F defined by (2.5) having α > β ≥ 0 and an = (|α| − |β|) ,

bn = − (|α| − |β|) , belongs to KH(γ), we get for 0 ≤ γ <
|α|λ1−|β|λ

′

1

|α|λ1+|β|λ
′

1

,

(|α| − |β|)

∞∑

n=1

n
(
(n+ γ) θn + (n− γ) θ

′

n

)
≤ (1− γ) |α|λ1 − (1 + γ) |β|λ

′

1,

which is equivalent to the Wgh inequality (3.9). This proves Theorem 4.

Taking βi = 1 = β
′

i , i = 1, 2, ...,m, we see from (3.4) and (3.5) that for any
k = 1, 2, 3, ..,

Ψk = Γ(k)

m∏

i=1

Γ (νi + k + 1)

Γ (νi + k + δi + 1)
Fk,

m∑

i=1

δi > k,

Ψ
′

k = Γ(k)
m∏

i=1

Γ
(
ν

′

i + k + 1
)

Γ
(
ν

′

i + k + δ
′

i + 1
) F

′

k,
m∑

i=1

δ
′

i > k,

where

Fk : = m+1Fm(k, (νi + k + 1)1,m; (νi + δi + k + 1)1,m; 1) (3.10)

F
′

k : = m+1Fm(k, (ν
′

i + k + 1)1,m; (ν
′

i + δ
′

i + k + 1)1,m; 1). (3.11)

Thus, we obtain the following special case of the results proved in Theorems 3
and 4:
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Corollary 1. Let for f = h + g ∈ MH of the form (1.2) satisfying (3.3)
and for some m ∈ N, δi, δ

′

i ∈ R+∪{0}, νi, ν
′

i ∈ R+, ∀ i = 1, 2, ...,m, involving m-

tuple integral operators J
(νi),(δi)
(1),m ≡ J

(νi),(δi)
m and J

(ν
′

i ),(δ
′

i)

(1),m ≡ J
(ν

′

i ),(δ
′

i)
m as defined

by (2.4),

F1 = H1 +G1 ∈ MH, (3.12)

where

H1(z) = J (νi),(δi)
m h(z) = αµ1z +

∞∑

n=1

σn an z−n,

G1(z) = J
(ν

′

i ),(δ
′

i)
m g(z) = βµ

′

1z +
∞∑

n=1

σ
′

n bn z−n, µ
′

1 < µ1,

σn =

m∏

i=1

Γ (νi + 1 + n)

Γ (νi + δi + 1 + n)
, σ

′

n =

m∏

i=1

Γ
(
ν

′

i + 1 + n
)

Γ
(
ν

′

i + δ
′

i + 1 + n
) , n ≥ 1,

µ1 =

m∏

i=1

Γ (νi)

Γ (νi + δi)
, µ

′

1 =

m∏

i=1

Γ
(
ν

′

i

)

Γ
(
ν

′

i + δ
′

i

) .

together with the validity conditions
m∑
i=1

δi > 2,
m∑
i=1

δ
′

i > 2, for k = 1, 2, functions

Fk, F
′

k defined by (3.10), (3.11) satisfy for 0 ≤ γ <
|α|µ1−|β|µ

′

1

|α|µ1+|β|µ
′

1

, the inequality

m∏

i=1

Γ (νi + 2)

Γ (νi + δi + 2)

(
m∏

i=1

(νi + 2)

(νi + δi + 2)
F2 + (1 + γ) F1

)
+ (3.13)

m∏

i=1

Γ
(
ν

′

i + 2
)

Γ
(
ν

′

i + δ
′

i + 2
)




m∏

i=1

(
ν

′

i + 2
)

(
ν

′

i + δ
′

i + 2
) F

′

2 + (1− γ ) F
′

1




≤
(1− γ) |α|µ1 − (1 + γ) |β|µ

′

1

(|α| − |β|)
,

then F1 is harmonic, univalent, orientation-preserving in Ũ and F1 ∈ MH∗(γ).
The condition (3.13) is necessary if for f = h + g ∈ MH of the form (1.4)
with α > β ≥ 0 and an = (|α| − |β|) , bn = − (|α| − |β|) , F1 defined by (3.12)
belongs to MH

∗
(γ).
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Corollary 2. Let for f = h+ g ∈ MH of the form (1.2) satisfying (3.3),

F1 = H1+G1 ∈ MH defined by (3.12). If for
m∑
i=1

δi > 3,
m∑
i=1

δ
′

i > 3 and for k =

1, 2, 3, functions Fk, F
′

k defined by (3.10), (3.11) satisfy for 0 ≤ γ <
|α|µ1−|β|µ

′

1

|α|µ1+|β|µ
′

1

,

the inequality

m∏

i=1

Γ (νi + 2)

Γ (νi + δi + 2)

(
2

m∏

i=1

(νi + 3) (νi + 2)

(νi + δi + 3) (νi + δi + 2)
F3+ (3.14)

(3 + γ)

m∏

i=1

(νi + 2)

(νi + δi + 2)
F2 + (1 + γ) F1

)
+

m∏

i=1

Γ
(
ν

′

i + 2
)

Γ
(
ν

′

i + δ
′

i + 2
)


2

m∏

i=1

(
ν

′

i + 3
)(

ν
′

i + 2
)

(
ν

′

i + δ
′

i + 3
) (

ν
′

i + δ
′

i + 2
) F

′

3+

(3− γ)

m∏

i=1

(
ν

′

i + 2
)

(
ν

′

i + δ
′

i + 2
) F

′

2 + (1− γ) F
′

1




≤
(1− γ) |α|µ1 − (1 + γ) |β|µ

′

1

(|α| − |β|)
,

then F1 ∈ KH(γ). The condition (3.14) is necessary if F1 defined by (3.12) with
an = (|α| − |β|) and bn = − (|α| − |β|) , belongs to KH(γ).

4. Bounds and Extreme Points

As KH(γ) ⊂ MH
∗
(γ), we obtain bounds for the functions F = H + G ∈

MH
∗
(γ), 0 ≤ γ <

|α|λ1−|β|λ
′

1

|α|λ1+|β|λ
′

1

, and extreme points for MH
∗
(γ).

Theorem 5. Let for F = H +G ∈ MH
∗
(γ), 0 ≤ γ <

|α|λ1−|β|λ
′

1

|α|λ1+|β|λ
′

1

, then

for |z| > r > 1,

|F(z)| ≤
(
|α|λ1 + |β|λ

′

1

)
r +

r−1
(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)

(1− γ)
,

|F(z)| ≥
(
|α|λ1 − |β|λ

′

1

)
r −

r−1
(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)

(1− γ)
.



HARMONIC MEROMORPHIC FUNCTIONS... 321

Proof. Let for f = h + g ∈ MH of the form (1.4), F = H + G ∈ MH,
be of the form (2.5) belongs to MH

∗
(γ). Applying Theorem 1 and taking the

absolute value of F, we get

|F(z)| =

∣∣∣∣∣|α|λ1z + |β|λ
′

1z +

∞∑

n=1

θn |an| z
−n −

∞∑

n=1

θ′

n |bn| z
−n

∣∣∣∣∣

≤
(
|α|λ1 + |β|λ

′

1

)
r +

∞∑

n=1

(
θn |an|+ θ

′

n |bn|
)
r−n

≤
(
|α|λ1 + |β|λ

′

1

)
r +

r−1

(1− γ)

∞∑

n=1

(
(n+ γ) θn |an|+ (n− γ) θ

′

n |bn|
)

≤
(
|α|λ1 + |β|λ

′

1

)
r +

r−1
(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)

(1− γ)
.

Similarly, lower bound can be obtained. This proves Theorem 5.

On taking δi = 0, for each i = 1, 2, ...,m, in Theorem 5, we get, following
corollary:

Corollary 3. If f = h+ g ∈ MH
∗
(γ), 0 ≤ γ < |α|−|β|

|α|+|β| , then for z ∈ Ũ ,

(|α| − |β|) r −
r−1 ((1− γ) |α| − (1 + γ) |β|)

(1− γ)
≤ |f(z)|

≤ (|α|+ |β|) r +
r−1 ((1− γ) |α| − (1 + γ) |β|)

(1− γ)
.

Remark 1. A result on bounds obtained in [6] follows on putting γ = 0
in the above corollary.

Theorem 6. For f = h+g ∈ MH of the form (1.4), F = H+G defined by

(2.5) belongs to MH
∗
(γ), 0 ≤ γ <

|α|λ1−|β|λ
′

1

|α|λ1+|β|λ
′

1

, if and only if f can be expressed

for z ∈ Ũ , as

f(z) =
∞∑

n=0

(xnhn + yngn) ,
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where

h0 = |α| z+|β| z, hn = |α| z+|β| z+

(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
z−n

(n+ γ) θn
, n ≥ 1,

(4.1)

g0 = |α| z+ |β| z, gn = |α| z+ |β| z−

(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
z−n

(n− γ) θ
′

n

, n ≥ 1,

(4.2)
and

∞∑

n=0

(xn + yn) = 1, xn, yn ≥ 0 .

The extreme points of MH
∗
(γ) are hn and gn given by (4.1) and (4.2).

Proof. Let

f(z) =
∞∑

n=0

(xnhn + yngn)

= x0h0 + y0g0

+

∞∑

n=1


xn


|α| z + |β| z +

(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
z−n

(n+ γ) θn




+yn


|α| z + |β| z −

(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
z−n

(n− γ) θ′

n






= |α| z + |β| z +

∞∑

n=1

(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
xn

(n+ γ) θn
z−n

−
∞∑

n=1

(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
yn

(n− γ) θ′

n

z−n.
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By Theorem 1, it is observed that

∞∑

n=1

(n+ γ) θn(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)

∣∣∣∣∣∣

(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
xn

(n+ γ) θn

∣∣∣∣∣∣

+

∞∑

n=1

(n− γ) θ
′

n(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)

∣∣∣∣∣∣

(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
yn

(n− γ) θ′

n

∣∣∣∣∣∣

=
∞∑

n=1

(xn + yn) = 1− (x0 + y0) ≤ 1,

hence, F ∈ MH
∗
(γ). Conversely, suppose that for f = h+g ∈ MH of the form

(1.4), F = H+G of the form (2.5) belongs to MH
∗
(γ), 0 ≤ γ <

|α|λ1−|β|λ
′

1

|α|λ1+|β|λ
′

1

,

then inequality (3.1) holds. Setting

xn =
(n+ γ) θn(

(1− γ) |α|λ1 − (1 + γ) |β|λ
′

1

) |an| ,

yn =
(n− γ) θ

′

n(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

) |bn| ,

we get

f(z) = |α| z + |β| z +
∞∑

n=1

|an| z
−n −

∞∑

n=1

|bn| z
−n

= |α| z + |β| z +

∞∑

n=1




(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
xn

(n+ γ) θn


 z−n

−

∞∑

n=1




(
(1− γ) |α|λ1 − (1 + γ) |β|λ

′

1

)
yn

(n− γ) θ′

n


 z−n

= |α| z + |β| z +
∞∑

n=1

[hn − (|α| z + |β| z)]xn +
∞∑

n=1

[gn − (|α| z + |β| z)] yn

= (|α| z + |β| z)

[
1−

∞∑

n=1

(xn + yn)

]
+

∞∑

n=1

xnhn +

∞∑

n=1

yngn

=
∞∑

n=0

(xnhn + yngn) .
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This proves Theorem 6.

On taking δi = 0, for each i = 1, 2, ...,m, in Theorem 6, we get, following
corollary:

Corollary 4. A harmonic function f = h + g of the form (1.4) belongs

to MH
∗
(γ), 0 ≤ γ < |α|−|β|

|α|+|β| , if and only if f can be expressed for z ∈ Ũ , as

f(z) =
∞∑

n=0

(xnhn + yngn) ,

where

h0 = |α| z+|β| z, hn = |α| z+|β| z+
((1− γ) |α| − (1 + γ) |β|) z−n

(n+ γ)
, n ≥ 1, (4.3)

g0 = |α| z+|β| z, gn = |α| z+|β| z−
((1− γ) |α| − (1 + γ) |β|) z−n

(n− γ)
, n ≥ 1, (4.4)

and
∞∑

n=0

(xn + yn) = 1, xn, yn ≥ 0 .

The extreme points of MH
∗
(γ) in this case are hn and gn given by (4.3) and

(4.4).
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